
Stat 427/627 (Statistical Machine Learning, Baron)

Notes on Jackknife

Jackknife is an effective resampling method that was proposed by Morris Quenouille to estimate
and reduce the bias of parameter estimates. We first explain the idea of Jackknife and the reason
why it works, and then show a few examples.

1 Jackknife resampling

Resampling refers to sampling from the original sample S with certain weights. The original weights
are (1/n) for each units in the sample, and the original empirical distribution is

F̂ =





mass
1

n
at each observation xi, i ∈ S

0 elsewhere

Resampling schemes assign different weights. Jackknife re-assigns weights as follows,

F̂JK =





mass
1

n− 1
at each observation xi, i ∈ S, i 6= j

0 elsewhere, including xj

That is, Jackknife removes unit j from the sample, and the new jackknife sample is

S(j) = (x1, . . . , xj−1, xj+1, . . . , xn).

2 Jackknife estimator

Suppose we estimate parameter θ with an estimator θ̂ = θ̂(x1, . . . , xn). The bias of θ̂ is

Bias(θ̂) = Eθ(θ̂)− θ.

• How to estimate Bias(θ̂)?

• How to reduce |Bias(θ̂)|?

• If the bias is not zero, how to find an estimator with a smaller bias?

For almost all reasonable and practical estimates, Bias(θ̂) → 0, as n → ∞. Then, it is reasonable
to assume a power series of the type

Eθ(θ̂) = θ +
a1
n

+
a2
n2

+
a3
n3

+ . . . ,

with some coefficients {ak}.
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2.1 Delete one

Based on a Jackknife sample S(j), we compute the Jackknife version of the estimator,

θ̂(j) = θ̂(S(j)) = θ̂(x1, . . . , xj−1, xj+1, . . . , xn),

whose expected value admits representation

Eθ(θ̂(j)) = θ +
a1

n− 1
+

a2
(n− 1)2

+ . . . .

2.2 Average

For the sake of a smaller variance, let us average all such estimates and define

θ̂(•) =
1

n

n∑

j=1

θ̂(j).

This averaged estimator has the same expected value as each θ̂(j),

Eθ(θ̂(•)) = θ +
a1

n− 1
+

a2
(n− 1)2

+ . . . .

2.3 Combine θ̂(•) with θ̂

Now it is easy to combine the averaged Jackknife estimator θ̂(•) with the original θ̂, to kill the main

term in the bias of θ̂. Consider

Eθ

{
nθ̂ − (n− 1)θ̂(•)

}
= {nθ − (n− 1)θ}+ {a1 − a1}+

{
a2
n

−
a2

n− 1

}
+ . . .

= θ +
a2

n(n− 1)
+ . . .

= θ +
a2
n2

+O(n−3). (1)

2.4 The Jackknife estimator

The Jackknife estimator of θ is
θ̂JK = nθ̂ − (n− 1)θ̂(•).

According to (1), its bias is of order O(n−2) instead of O(n−1), and thus, we have achieved our
goal of bias reduction,

Bias(θ̂JK) =
a2
n2

+O(n−3)
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2.5 Estimation of the bias

In general, estimation of the bias is a tricky problem because we observed an estimator θ̂ only once,
we cannot compute the average of such estimators, and it is not clear how this average differs from
the true parameter θ. Now we can use the Jackknife method to estimate the bias.

We know that θ̂JK is “almost” unbiased, therefore, the difference between the original estimator
θ̂ and θ̂JK is a good estimator of Bias(θ̂),

B̂ias(θ̂) = θ̂ − θ̂JK = (n− 1)(θ̂(•) − θ̂).

3 Jackknife summary

To summarize, the Jackknife method for bias reduction includes 3 steps:

1. Delete one: compute estimates θ̂(j) without xj .

2. Average all θ̂(j) to obtain θ̂(•) =
1
n

∑n
j=1 θ̂(j).

3. Combine θ̂(•) with θ̂ to obtain the Jackknife estimator θ̂JK = nθ̂− (n−1)θ̂(•). As we showed

above, it has a much lower bias than the original estimator θ̂.

Bias estimation. To estimate the bias of the original estimator θ̂, compute B̂ias(θ̂) = θ̂− θ̂JK .

4 Examples

4.1 Estimating the population maximum

This article tells the real story of statisticians who were able to estimate the total number of
German tanks during World War II. Their estimator was astonishingly accurate, and it appeared
critical for the proper attack by Allied Forces on the Western front in 1944, which eventually led
to the ultimate victory in 1945.

The article says that Germans numbered the newly produced tanks. Therefore, the number of
produced tanks is the largest number ever written on them. Thus, we are interested in estimating
the population maximum θ = max(X). The first estimator is the sample maximum θ̂.

Suppose that we captured or photographed 5 tanks and recorded their numbers:

16, 47, 80, 145, 220.

The sample maximum is θ̂ = 220. So far, we only know that the total number of tanks is at least
220, and most likely, more than that. So, θ̂ underestimates θ, it has a negative bias.

Use Jackknife to reduce this bias.

1. Delete one. When we delete 16, 47, 80, or 145, the sample maximum of remaining observations
is 220. When we delete 220, the sample maximum of the remaining ones is 145. Thus,

θ̂(1) = θ̂(2) = θ̂(3) = θ̂(4) = 220, θ̂(5) = 145.
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2. Average. θ̂(•) =
1

n

n∑

i=1

θ̂(i) =
(4)(220) + 145

5
= 205.

3. Combine. θ̂JK = nθ̂ − (n− 1)θ̂(•) = (5)(220)− (4)(205) = 280.

The Jackknife estimator of θ is θ̂JK = 280. After the bias reduction, we estimate the total
number of tanks to be 280.

What was the bias of the original estimator, the sample maximum?
We can estimate it as B̂ias(θ̂) = θ̂− θ̂JK = 220− 280 = −60. It is a negative bias, which means

that the sample maximum underestimates the population maximum.

4.2 Example - sample median

For more training, let us calculate the Jackknife estimator of the population median, based on the
same data,

16, 47, 80, 145, 220.

The sample median is the central observation if n is odd, and the average of two central observations
if n is even. The original estimator is θ̂ = 80.

1. Delete one.

Delete 16 ⇒ Remaining sample 47, 80, 145, 220 ⇒ Median θ̂(1) =
80+145

2
= 112.5

Delete 47 ⇒ Remaining sample 16, 80, 145, 220 ⇒ Median θ̂(2) =
80+145

2
= 112.5

Delete 80 ⇒ Remaining sample 16, 47, 145, 220 ⇒ Median θ̂(3) =
47+145

2
= 96

Delete 145 ⇒ Remaining sample 16, 47, 80, 220 ⇒ Median θ̂(4) =
47+80

2
= 63.5

Delete 220 ⇒ Remaining sample 16, 47, 80, 145 ⇒ Median θ̂(5) =
47+80

2
= 63.5

2. Average. θ̂(•) =
112.5 + 112.5 + 96 + 63.5 + 63.5

5
= 89.6.

3. Combine. The Jackknife estimator of the population median is

θ̂JK = nθ̂ − (n− 1)θ̂(•) = (5)(80)− (4)(89.6) = 41.6.

4.3 Example - sample variance

As an example, consider an MLE version of the sample variance

θ̂ =

∑n
1 (xi − x̄)2

n
=

∑n
1 x

2
i

n
− x̄2,

which is the maximum likelihood estimator of the population variance θ = σ2 = VarX under the
Normal distribution.
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This estimator is biased. As we know, the unbiased version of the sample variance is

s2 =

n∑

1

(xi − x̄)2

n− 1
.

Apply the Jackknife method to the biased estimator θ̂.
First, delete unit j and compute

θ̂(j) =

∑

i 6=j

x2
i

n− 1
− x̄2

(j)

=

n∑

1

x2
i − x2

j

n− 1
−

(
n∑

1

xi − xj

)2

(n− 1)2

=

n∑

1

x2
i − x2

j

n− 1
−

(
n∑

1

xi

)2

+ x2
j − 2xj

n∑

1

xi

(n− 1)2

Then, average all θ̂(j),

θ̂(•) =
1

n

n∑

1

θ̂(j)

=

n∑

1

x2
i −

1

n

n∑

1

x2
j

n− 1
−

(
n∑

1

xi

)2

+
1

n

n∑

1

x2
j − 2

1

n

n∑

1

xj

n∑

1

xi

(n− 1)2

=

(
1

n
−

1

n(n− 1)2

)
n∑

1

x2
i −

n− 2

n(n− 1)2

(
n∑

1

xj

)2

.

Final step - obtain the Jackknife estimator

θ̂JK = nθ̂ − (n− 1)θ̂(•)

=

(∑
x2
i −

(
∑

xi)
2

n

)
−

(
n− 1

n
−

1

n(n− 1)

)∑
x2
i +

n− 2

n(n− 1)

(∑
xj

)2

=

(
1−

n− 1

n
+

1

n(n− 1)

)∑
x2
i −

(
1

n
−

n− 2

n(n− 1)

)(∑
xj

)2

=

∑
x2
i − nx̄2

n− 1
= s2

The Jackknife method immediately converted the biased version of the sample variance into the
unbiased version!

This was anticipated. Expected value of θ̂ is actually

Eθ(θ̂) = θ −
θ

n
,

with coefficients a1 = −θ and aj = 0 for all j ≥ 2. Jackknife removes the (a1/n) term of the power
series. Since there are no other terms in this case, Jackknife removed the entire bias.
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If you’d like to learn more... Further theory and extensions on the next few pages.
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